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Abstract: In this paper we construct the A/" = 6 conformal supergravity in three 
dimensions from a set of Chern-Simons-hke terms one for each of the graviton, grav- 
itino, and R-symmetry gauge field and then couple this theory to the Af = Q su- 
perconformal ABJM theory. In a first step part of the coupled Lagrangian for this 
topologically gauged ABJM theory is derived by demanding that all terms of third 
and second order in covariant derivatives cancel in the supersymmtry variation of 
the Lagrangian. To achieve this the transformation rules of the two separate sectors 
must be augmented by new terms. In a second step we analyze all terms in SL that 
are of first order in covariant derivatives. The cancelation of these terms require 
additional terms in the transformation rules as well as a number of new terms in 
the Lagrangian. As a final step we check that all remaining terms in SL which are 
bilinear in fermions cancel which means that the presented Lagrangian and trans- 
formation rules constitute the complete answer. In particular we find in the last 
step new terms in the scalar potential containing either one or no structure constant. 
The non-derivative higher fermion terms in 6L that have not yet been completely 
analyzed are briefly discussed. 
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1. Introduction 

Conformal field theories in three dimensions have recently experienced a number of 
interesting developments. The perhaps most unexpected and profound results are 
the actual construction of a seemingly unique three-dimensional maximally (A/" = 8) 
superconformal theory by Bagger and Lambert, and by Gustavsson (BLG) [|l|, 0, ^, 
along with its A/" = 6 variant (ABJM) by the authors of 0, |^. 

In [0 an attempt was made to couple the A/" = 8 BLG theory to conformal 
supergravity. After presenting a detailed derivation of pure A/" = 8 conformal su- 
pergravity, this work went on to take a first step towards the construction of a 
Lagrangian describing the coupling of this theory to the BLG theory. By checking 
that the supersymmetry variation of the coupled Lagrangian vanishes for terms of 
third and second order in covariant derivatives a set of coupling terms were obtained. 
This procedure also led to a number of new terms (as compared to the uncoupled 
theories) in the supersymmetry variation of the two spin one gauge fields that enter 
these two theories, namely the ones corresponding to the S0{8) R-symmetry and 
BLG gauge symmetry. However, the rigidity of the BLG theory seems at this point 
to prevent a straightforward continuation of this construction. For a brief discus- 
sion why such topologically coupled theories might be of interest in connection with 
M-theory and AdS/CFT, see the introductory section of 0]. 

In this paper we demonstrate that these results can be rather easily obtained 
also for the A/" = 6 case. In fact, we will also show that one can carry this construc- 
tion, without meeting any serious obstacles, all the way giving in the end the entire 
Lagrangian and transformation rules. As explained in the Conclusions, however, the 
proof of supersymmetry is not yet completed since some of the non-derivative higher 
fermion terms in the variation of the Lagrangian remain to be checked. The paper is 
organized as follows. In section two we summarize our results on the Lagrangian and 
transformation rules for the coupled theory. We start the derivation of these results 
in section three by constructing the A/" = 6 conformal supergravity theory, and then 
go on in section four to review the ABJM matter sector. With these two ingredients 
at hand, in section five we take the first step in the process of coupling these two 
theories by carrying out the same analysis as in |^ where it was done in detail in the 
A^ = 8 case. This step amounts to checking the cancelation of all terms with two 
covariant derivatives in 6L. To get this to work we are forced to add new terms to 
the transformation rules of the R-symmetry and ABJM gauge fields. The following 
section, section six, contains the second step where all terms in SL containing one 
covariant derivative are checked and seen to cancel. This step requires a number of 
new terms in both the Lagrangian and in the transformation rules, in particular we 
find a U{1) gauge field to play a special role. The terms in 6L bilinear in fermions 
and without derivatives are then discussed in section seven and shown to cancel. 
This step brings in new six-scalar terms in the potential which have either one or no 
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structure constant. The theory obtained at this point can be shown to be the full 
theory. However, the proof of supersymmetry is yet not completed in all details. The 
terms in 5L that have not been checked so far are discussed in a concluding section. 
These terms are all without derivatives and contain more than two fermions. 



2. The complete Lagrangian and transformation rules of topo- 
logically gauged J\f = Q ABJM theories: a summary 

In this section we state the final result of this paper, that is, the complete Lagrangian 
and supersymmetry transformation rules. The invariance under the J\f — 6 super- 
symmetries is checked in the following sections for all terms in 5L containing covariant 
derivatives, as well as for all non-derivative terms that are bilinear in fermions (in- 
cluding the supersymmetry parameter). At this point in the construction we are able 
to conclude that the results obtained constitute the complete theory. 

2.1 The ansatz for the Lagrangian and transformation rules 

We find that the Lagrangian is given by (with A — ±-\/2) 

L = LZfra + LTbjm + he^'^'C.d^C, (2.1) 
+iAex''^^Yr'^Aa{D,Z% - lAx.Bc*''") + c.c. (2.2) 
+ie^'''{xfXuBc)Z^DpZ'X + c.c. (2.3) 

-a(/>^^7M*Aa^^ + /^B7M*^"^f ) (2-4) 



I 



-IR\Z\' + ^\Z\'rA^xr (2-5) 

+2teAr''M,ABl'''^'^'')Z^^Z^Z'^ + c.c. (2.6) 
-^6'^''^(XMB7.X?'')(^a^^f^c^^>)r^<^ 

+ '^e^'''{x,ABl.xf^){Z^Z,^Z^cZi)r'ca (2.7) 
-±ee^BCD^q,^^^^^^2^cZ'D + c.c. 
+^e{^nb^''')\Z\' - \e{^Db^^')Z'hZ^ 

+ ^e(^'^,vl;^«)Z^Zf + |e(^',,,^^")Z^Zf (2.8) 

-^^eAix.AB^'^^'m'Zt - \eA{x,ABl''^''')ZtZ^Zl + c.c (2.9) 

-\e^'"'{x.ABl,xT)ZaZ^Z^cZ'u + ^^e''"'{x.ABl,xf)\Z\' (2.10) 

-r\er\,\Z\'Z^Z^Z^cZt> + \er\,Z^ Z^ Z^ Z^Z^cZ^ (2-11) 

+ 12^"^'^'' ~ 3^e|Z|2Z,^Zf Z^Z^ + ^eZ^ Z^ Z'^ Z\ziZ^c, (2-12) 
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where c.c. refers to complex conjugation of the expression on the hne where it occurs. 

This Lagrangian has some features that need to be clarified at this point ^. The 
first one concerns the ABJM Dirac term that after gauging will be written in the 
self-conjugate way^ 

-f ^^^T'^^^^Aa - f *Aa7'^D^*^". (2.13) 

Secondly, the covariant derivative used here is defined by 

D,i^^^ = + + B^j.il;'''^ + A%^^' + qC,^P^\ (2.14) 

where attention should be paid to the presence of the last term. The Chern-Simons 
term for this abelian gauge field is written explicitly in the Lagrangian given above 
and the reason for giving the matter fields a charge q under this explicit U{1) will 
become clear later when we explain how we obtain the topologically gauged ABJM 
Lagrangian. We will then also see that = ^. 

The purpose of this paper is to show that the above Lagrangian is A/" = 6 
supersymmetric. We have found that this is the case if the fields transform as follows: 

= ^e^ABT^X^' (2-15) 
5xf = D,ef, (2.16) 

55/^ = ^(r^^7M7.e,BC - /]^c7M7.ef ) 

+ t(6BD7,^'^^^^f ^ - e^^7,^a(D^^)) 
+ 8^B{(^g XlJ.DC - (^gDCX^, j^a 

+ l{^g''x,BD-egBDxT)\Z\\ (2.17) 
5Zt = ie^^^Ba, (2.18) 
5^ Ed = I'^eABiD.Zf - lAxf^na) 

I fab ryC rrD !yC ^ fab rvA rrC ryC ^ 

+ / cd^ a^b ^B^CD — J cd^a ^b ^C^AB 

+ \z^Z^Z%ecD + ^iZpZf 6^5, (2.19) 

= -t{lABl,^'"'Z^ - e-^^7M^A.^S)/^d 

- 2i{e^''x,BD - egBDxt'')Z^Z\f\a, (2.20) 
5C^ = -tq{eAB7,'^^''Z^ - e^^7M^Aa^S) 

- 2iq{ef''x^BD - egBDxi'')Z!Zl , (2.21) 



^For comments about the introduction of a dimensionless gravitational coupling constant and 
levels, sec the concluding section. 

^The SU(4) indices are used to keep track of complex conjugation while the bar indicates if the 
S0(2,l) spinor index has been raised or lowered with a charge conjugation matrix (which are never 
written out explicitly). 
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where e^^ = Aef^ = e^^ , A = ±^2 and = ^. 

Finally we note that explicit covariant derivatives appear only in two terms in 
the Lagrangian, namely the supercurrent term and, on the following line in the 
Lagrangian above, the xxZDZ term. There is also an explicit covariant derivative 
in the transformation rules of the Rarita-Schwinger field and the ABJM fermion. In 
this context we note that in the latter case the derivative is made supercovariant by 
adding a second term giving the factor [DZ — The same has to be done in the 
supercurrent term in the Lagrangian but with an extra factor of \. Note, however, 
that the other derivative term in L is not augmented with a similar term. We have 
checked that such a term, which would be cubic in x, has zero coefficient. Thus all 
terms with more than two x fields are in fact absorbed into the covariant derivatives 
and field strengths in the Lagrangian. 

The demonstration of supersymmetry carried out in the following sections is di- 
vided into several steps starting with a construction of A/" = 6 conformal supergravity. 
This is followed by adding on the ABJM theory and a stepwise incorporation of var- 
ious subsets of the interaction terms given above as supersymmetry is checked for 
more and more terms in 5L, organized in decreasing order in covariant derivatives. 



3. Pure topological AT = 8 and Af = Q supergravity in three 
dimensions 

For A/" = 1 a conformal and locally supersymmetric gravity theory in three dimensions 
consisting of two Chern- Simons like terms was shown to exist by Deser and Kay in 
using methods that are generalized to A/" = 8 in and in this paper to six 
supersymmetries. In ^ the M = 1 theory was derived from the superconformal 
algebra by imposing constraints on some of the field strength components, while in 
IC] the same methods were used to obtain a superconformal Lagrangian for any A^. 
In [0 also the problem of coupling the A/" = 8 conformal supergravity to the 
M = % BLG theory was discussed and the Lagrangian partly derived. Here we 
will first briefiy review the construction of A/" = 8 pure topological supergravity as 
presented in |]^, and then redo this for Af = 6. The goal in the following sections 
is then to derive the Lagrangian describing the coupling of this M = Q topological 
gravity theory to the ABJM theory where we in a first step follow 

3.1 M = S pure topological supergravity 

Following the work of Deser and Kay [|| the authors of [0 constructed the on-shell 
Lagrangian of three-dimensional A/" = 8 conformal supergravity using only the three 
gauge fields of 'spin' 2, 3/2 and 1, i.e., e^", x^n B^J ■ The result is 
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-te-'e"^''e^'"^{b,x.lplaDpX.), (3.1) 

which was in |^ exphcitly shown to have JV = 8 supersymmetry under the following 
transformation rules of the dreibein and Rarita-Schwinger field: 

Se^" = zerx,, Sx, = D^e. (3.2) 

By demanding supersymmetry for any value of the R-symmetry gauge field strength, 
one immediately concludes that the gauge field must vary under supersymmetry as 
follows: 

SBii = (3.3) 

The covariant derivative appearing in the Lagrangian and in the variation of the 
Rarita-Schwinger field takes the form 



D,e = d,e + -u^^^r^e + -B^V^e, (3.4) 



acting on a three-dimensional spinor in an 5*0(8) spinor representation. 

Thus we explicitly gauge both the S0{1, 2) Lorentz and the SO (8) R symmetry. 
Note that the spinors in the gravity sector, i.e., the SUSY parameter and the Rarita- 
Schwinger field, are of the same S0{8) chirality while the spinor in the BLG theory 
is of opposite chirality. The commutator of two supercovariant derivatives, acting on 
an SO (8) spinor, is 

[D,, D,] = \r,..p^"P + -G^^J'\ (3.5) 
It will be convenient to define the dual R-symmetry and curvature fields 

2*= '^upij^ al3 2 

and similarly for u, as well as the double and triple duals 



Gij" — -e^^^'Gypij, R*^al3 — -^^^^Rypap (3.6) 



= 2^ -n- /37' ^p = 2^puari ■ {o-ij 

Also as in Q, we define the spin 3/2 field strength 

F = l^'^'D^Xp, (3.8) 
which can be used to write the spin 3/2 conformal term in the Lagrangian as 

-4z(e/e/e-i)r7/37ar- (3.9) 

The standard procedure to obtain local supersymmetry is to start by adding 
Rarita-Schwinger terms to the dreibein-compatible u in order to obtain a superco- 
variant version of it. That is, we define 

^ij,ap = ^p.al3 + K^al3, (3.10) 
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where ^ 

^^fial3 = 2(^Ma/3 ~ ^a/^fi + ^/^fia), (3-11) 

with 

^^ua = d^e,^ - d,e;, (3.12) 

and 

K^,afi = -^{Xtil^Xa - XfilaXlB " XaT/^X/?)- (3.13) 

This combination of spin connection and torsion is supercovariant, i.e., derivatives 
on the supersymmetry parameter cancel out if oj^ajs is varied under the ordinary 
transformations of the dreibein and Rarita-Schwinger field. 

In 1^ the supersymmetry of the Lagrangian given above for A/" = 8 conformal 
supergravity was demonstrated in full detail which required a certain amount of Fierz 
transformations. We will not discuss this further here. Instead we turn to the JV = 6 
case and give some of the details in that context. 

3.2 M = Q pure topological supergravity 

Let us start from the fact that in the ABJM theory |Q the supersymmetry pa- 
rameter is written e^s, with two antisymmetric SU{A) indices in the fundamental 
representation, thus producing six complex components. To get a parameter in the 
real six- dimensional vector representation of 5't/(4) = 5*0(6) we need to impose the 
complex self-duality condition (recall that e^^ = (c^b)*)"^ 

With these conventions the local supersymmetry transformations take the form 

= ze^^7"XMB. ^X^^ab = D^€ab- (3.15) 

Our goal now is to find a conformal Lagrangian that is supersymmetric under 
the above A/" = 6 transformations of the dreibein and the Rarita-Schwinger field 
together with a transformation of the 5*0(6) R-symmetry gauge field B^'^q that 
will be determined in the course of the calculation. This super conformal M = Q 
supergravity theory will then be coupled to the ABJM theory in later sections. 

As we will show below the Lagrangian is the same as for Af = 8 apart from the 
normalization of the R-symmetry Chern-Simons term which differs by a factor of two. 
This is due to the fact that the trace is over the fundamental SU{A) representation 
(indices A, B, ...) instead of the vector representation as in the A/" = 8 case. Thus we 
claim that the Lagrangian for A/" = 6 is 

L = ]^e^''PTr^{Co^d,Cop + ^w>.Wp) - 2e^''PTrA{B,ABp + ^B^B.B^) 



^See the previous footnote. 



-7- 



-^e-h^^''e^^'^{D,Xu''lPlaDpX.AB), (3.16) 
where the last term can also be written 

-42(e/e/e-i)/>^^7/37«/AB, (3.17) 

in terms of the Rarita-Schwinger field strength f^^ defined as in the A/" = 8 case 
discussed above. 

The covariant derivative acting on for instance the susy parameter is defined by 

D^eAB = dfj,€AB + j'^fiaPl'^^^AB " B^^ a^cb — B^'~^ b^ac- (3.18) 

By demanding that terms proportional to the R-symmetry gauge field strength cancel 
among themselves we find the following transformation rule for the field 



SB^^B = iifri.r^BC - fBc7,l.e''n. (3.19) 
This expression can also be written 

SB,\ = 'iUfi.reBC - i^^/^^7.7^e^^), (3.20) 

and hence is defined to be traceless (see comment at the end of this subsection). 

The calculation now goes through exactly as for A/" = 8, using for instance 
expressions like 

to;, = -2i{e^''^,UB - y.ue^^'YfpAB) (3.21) 
and leads to the following expression for 6L: 



OL = -e [Jf,-fuJAB>Ja 7 XCD 

fvCD\i- „,a^,AB 1^ a- ,,o-,,yl_B-j 



+ lfcDilular''''){eABrxf - le^^-eAB^xf 
+UfABlul,)l,xfe'''''if''l.fcD - Wf^'^lrrcn). 

-'^{F^''lul,)XaCBe'''"'-eAD{lrW''') 

+Uf'''''^'^^M^ABe'''"'-ecD{lrl,r'"'). (3.22) 

As in the A/" = 8 case presented in detail in , to demonstrate supersymmetry 
we need to Fierz this expression and show that it vanishes. However, at this point 
we will diverge from the treatment of the A/" = 8 theory where both the 5*0(1,2) 
and the 150(8) spinor indices were Fierzed together. Here we first Fierz only the 
spacetime 5*0(1,2) spinors and then instead apply representation theory arguments 
or alternatively cycling of the TV = 6 spinor indices to conclude the proof of super- 
symmetry. 

The strategy is thus to use the three-dimensional Fierz identity 

ABCD = -UADCB + A^DC-i^B) (3.23) 
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to write all terms in SL above in a form similar to the second term, i.e., with the 
two in the same scalar factor. The result of this operation is a number of terms 
similar to the second term but with the SU (4) indices appearing in various positions: 
The two /^^ can have both indices contracted (as in the second term) as well as one 
(from the fourth term) or no (from the remaining terms) contracted indices. 

To understand how these different terms are related to each other it is convenient 
to recall from the appendix of ref . [[7| that the terms in 6L can be Fierzed into a com- 
bination of twelve mutually independent expressions (disregarding for the moment 



the S'f/(4) indices) of the type {.f^fv){eXp)(-^"^, {fiJ.l'^f^){^Xu) etc. Then considering 



the fact that 6x6 = 1 + 15 + 20 where, if written in terms of four fundamental 
indices, 15 is antisymmetric and 1 and 20 are symmetric under an interchange of 
the two antisymmetric pairs of indices. Using these properties all terms in 5L with 
the expression /.../ in any given representation can be collected and seen to cancel 
exactly. 

A second way to obtain this result arises if we consider the fact that the anti- 
symmetrization of five SU(4) indices vanishes. We can then relate all terms with 
different index structures to the three independent ones 1, 15 and 20, which can 
then be collected and seen to cancel separately. 

This theory will only be supersymmetric if the gauged R-symmetry is SU{4), 
i.e., trying to include an abelian factor does not work. This can be seen for instance 
by making use of the equation 



that is a direct consequence of the self-duality properties of the two fields in the 
equation. Note that this particular combination of / and x appears for instance in the 
Chern-Simons term for the gravitino field where it is contracted with an R-symmetry 
gauge field. Demanding that this term in the Lagrangian is real implies, due to the 
second term on the right hand side above, that the B^'^b field is traceless. The term 
that removes the trace is then responsible for the very last term in expression for 6L 
presented above, and is needed in order to conclude that all terms cancel. 

Similarly to the SO (8) case, the theory considered here also has local scale invari- 
ance (denoted by an index A) and possesses A/" = 6 superconformal (shift) sjTumetry 
(denoted by S) with the following transformation rules (where (p is the local infinites- 
imal scale parameter and r] the local shift parameter) 



(3.24) 




^^B^B = 0, 



(3.25) 



and 



^56/ = 0, 
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SsbJ'c = - xfvBc)- (3.26) 

4. The J\f = 6 ungauged AB JM theory 

In this section we review the (ungauged) superconformal matter sector, i.e., the 
ordinary ABJM theory, to which we would hke to couple the superconformal gravity 
derived in the previous section. The resulting "topologically gauged" ABJM theory 
is then the subject of the following sections. 

4.1 Review of the ungauged J\f = 6 superconformal ABJM action 

The formulation of the Af = 6 matter theory in makes no reference at all to any 
three-algebra structure constants in contrast to the situation for the Af = 8 BLG 



theory. However, as shown in [|TT| the ABJM theory is easily rewritten in terms of 



such structure constants, a fact that was further developed in |]T2[ where the theory 
was expressed in terms of an additional algebraic structure related to generalized 
Jordan triple systems. This provides a new interpretation of the index structure of 
the fields and the structure constants in terms of an infinitely graded Lie algebra^. 
The particular form of the ABJM action that we find convenient to use here is 
presented in . 

In this new form of ABJM action, the complex scalars and fermions are defined 
to have the specific index structure and "^Aa, while their complex conjugates have 
the index structure Z'^ and \1>"^". These fields are then connected to a formulation of 



the theory where the structure constants have two upper and two lower indices [|12 
Furthermore, these indices are antisymmetric in each pair separately 

r'cd = f'^'^cd = r\cd] . (4.1) 

The action of the Af= 6 M2-theory can now be written as follows: 

C = -{D,Z^){D^ZAn - ^^'^V^M^Aa 

-tr^cd^^'^^AaZ^Z'^S + 2ir\d^^^mBaZ^Z''A 

i ^ rab ^,Ac<T,Bd ryC ryD i ^ABC'D red \f, ,7, rya ryb 

— 2^ABCDj cd^ ^ ^b ~ 2^ J ab^ Ac^ Bd^C"^ D 

-V + \e^''^{r\dA,\d,Ay^\ + lf%cPLeA,\A,''dAx's) , (4.2) 

where the gauge fields A^f^ naturally appear in the covariant derivatives in the fol- 
lowing form 

Vf, = /%dVc, (4.3) 

and the potential takes the form 

V = f T^^^.TcD^'^ , (4.4) 



*This algebra is further discussed in nl 
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T 



CD 



Bd 



r\,Z'^Z'',Z% + r\,5^''BZ^^Z^Z% . (4.5) 

The transformation rules for the six supersymmetries, parametrized by the complex 
self-dual three-dimensional spinor e^B, read: 



(4.6) 

(4.7) 
(4.8) 



S'^Bd = ^^D^ZjtAB + r^cdZa Zj^ Z%ecD - r'^cdZ^Z^ Z^eAB , 

5A^% = -leABl^.'^^^'Zl^ + le^'^^^mAbZl ■ 

This action can be shown to be A/" = 6 supersymmetric provided that the struc- 
ture constants obey the fundamental identity [|T2| (see also |1TT| ) 

/"'^dc/^^'^g/i = f'"'d[gf'"^h]c , (4.9) 

and, under complex conjugation, 



ab 



cd 



red — r 
J ab — Jc 



cd 



ab 



(4.10) 



5. Coupling J\f = 6 conformal supergravity to ABJM matter: 
the result after cancelation of (D^)'^ terms in 6L 

In the two previous sections we have discussed both the ABJM theory and Af = 6 
conformal supergravity, the latter derived explicitly in section three. The coupling 
of these two theories to each other can be obtained in several ways. Here we will use 
the method based on an expansion in powers of derivatives used previously in ref. 
[^. Thus, as the first step we consider in this section only the cancelation of terms 
in the variation of the Lagrangian that are of second order in covariant derivatives. 
Terms of third order in derivatives also appear but only in the supergravity sector 
and have thus already been analyzed. This procedure was demonstrated in to 
produce additional terms in the transformation rules for the spin one gauge fields in 
addition to a set of coupling terms that render the theory supersymmetric to this 
order in covariant derivatives. Applying this strategy here we use the following terms 
as a starting point: 

r _ r con/. , r cov. . j cov ^\ 
^ ■'-'sugra ' ^ABJM ' super current i \^-^J 

where i^^Mgra has been given in a previous section, the covariantized ABJM La- 
grangian 

LTbJM = <-{D^Z^){b^Z'X] - Z^r^-^/^D^^Aa + LYukau,a ' V) + LcsiA), 

(5.2) 

and 

LTulercurrent = Aie{x,ABY l''^'"'){D.Z^ - {Axt"""^ Da) + C.C., (5.3) 
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where the constants A and A will be determined below. 

The transformation rules at this point in the analysis are the ones used in sections 
three and four but with fully covariant derivatives, reproduced here for convenience, 

Se,'^ = tefrX,AB, 

= l^'iD^Zt - lAxf^Dd)emAB + r\dZ'^Zj^Z%t^cD - r'cdZ^Z^'Z'c^mAB , 

SA^\ = -iemABlf^'^^'^Z^ + iei^j,^AbZ% , (5.4) 

where the two (gravity and matter) supersymmetry parameters will be related below. 

We will later need to add more terms in order to keep the theory supersymmetric 
to the order of approximation we are then working. Note, however, that the hatted 
coefficient A in the ansatz is not determined by the (-D^)^ calculation below but 
simply by demanding that the Df^Z factor in be supercovariant, i.e., D^Z must 
be replaced, as done in the ansatz, by ID ^Z — iAx^ in order to eliminate terms where 
the derivative acts on the supersymmetry parameter when this expression is varied. 
The parameter A is then obtained as soon as the relation between the ABJM and 
supergravity supersymmetry parameters are determined. Note that the presence of 
a factor of | in front of A in the supercurrent term is common in supergravity and 
follows from standard arguments. These features of the theory will be verified in the 
next chapter when supersymmetry is implemented by canceling terms m.5L with one 
derivative. 

5.1 Supersymmetry at order (D^)^ 

We start by performing the variation of the covariantized scalar and spinor kinetic 
terms. The scalar one 

L,^-eg'^''{DX)iD.ZX), (5.5) 

gives 

5L, = 2te{D,Z^)iD^Z%)i-efj^'^x% " l^?"'^^ ^T^Xpi.c) 
+ie{ei''^BanZ% + DZfemAB'i^''^) 
-eg^^-{-Z^5A,\ + (^S/^Zf )D,Z^ 

-eg^''D^Z^{6A,\Z\ - Z^dB^'^A)- (5.6) 

Our first goal will be to cancel the first two lines. For the second line we need the 
variation of the Dirac term 

L2 = -teea'^^^'^rD^^Aa. (5.7) 

Its variation reads, after an integration by parts which produces a torsion term 
D^ea" = i^^a" = Xa^l^X0BC (secoud line), 

5L2 = 2eef-f^XpBceya^epf^^''^^b^'^Aa 
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-ie^>^-Y{\6u:^^p-i^^^>Aa + ^A^J'^Ab + ^B^A^^'^Ba). (5.8) 

Thus we need to compute ^DuS^Bd- We find, again using D^Ca^ — Ki,J^, 
YDJ^Bd = {YYD.D^Z^)e^AB + YY{D.e^AB){D^Z^) + Y^''^mAB{D^Zi)K,^'' 

-lAYl'^err.ABK^.^ixf'^Dd) ' lAYl"" D^^mABixf"^ Dd) 

-lAYl^ernABiD^xf^Dd + xt^'D.'^Dd) 
-rYemCDr\d{'2{D.Z^)Z^Z% + Z^Z^{b,Z%)) 

-YemABr'cd{{b.Z^)Z^Z^c + Z^{D^Z^)Z^a + Z^Z^{D^Z^c)) 
+r\d{Yb,e^CDZ^Z^Z% - YD^s^abZ^Z^Z^c) ■ (5-9) 

Now since 

^^YD.D.Zf = nZ^ + Ir^lF^.d^Z^ + G,,^bZ!) (5.10) 

we see tliat tlie box terms from tlie variations of tlie scalar and spinor kinetic terms 
cancel. 

Next we concentrate on the first line of the variation of the scalar kinetic term 
above and the second term in the variation of the Dirac operator. To cancel these 
two terms one needs to introduce the supercurrent term. Our ansatz for this term 
reads 

Lsc, = -Ai{ee^'^ep^)xfl^i'^Aa{b,Z% - ^Ax.bc'^^'') 

- Aiiee^Vn^ABl^r'^^^b^Z^ - -.Ax^'^^ca) , (5.11) 

where the index 1 refers to the first term in the two brackets and 2 to the A terms. 
Terms of the kind we are here seeking to cancel arise if we vary the two spinors in 
Lsci ■ Varying x gives 

-AieD^ef^Yl'^'^Aab.Z^ + c.c. (5.12) 
while the variation of ^ produces the result 

-AiexfYl^YbpZ^e^DAba% + c.c. . (5.13) 
Using the duality flip and the identity 

r^^YY = l^"""" + ^ig^^^'Y^ - y^Y) (5.14) 

we find that demanding cancelation gives two conditions on the matter and gravity 
supersymmetry parameters: 

2€g = Aem, Cm = Aeg, A^ ±^2, eg = ±756^1. (5.15) 
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After these cancellations the remaining terms are 

tAixfernAD " x^ADti^'y'' D^Z^ D.Z^b , (5-16) 

which forces us to add a term to Lagrangian, namely 

La' = i^e^'^^xfx.BcZ'XD.Z^ + c.c. , (5.17) 

where XX is automatically in the representation 15 of SU{^) so the derivative can 
only be integrated by parts onto the other scalar field (reality of this term then 
follows from the duality flip property). The variation gives, after some integrations 
by parts, 

5La> = -2iA{efr^^ - r^''e,sc){Z^D,Z%) 

+iA!e^^^{efx,BC - xf ^9Bc){DuZ^ D^Z^ + \Z^F^,\Z\ + |Zf G^.^^Z") 
-Ae^^Pxfx.Bc{e^'''^Da{DpZ'X) + (L>,e^^,,)*^« + wd(^,*''")). 
+C.C. . (5.18) 

Thus we find that, provided A = 1, the term D^Z^ DpZ\ and its complex conjugate 
cancel the same terms previously obtained in the variation of the supercurrent. 
This leaves us with the following terms 

-2iA{efrBc - -e,BcF^^)Z^D,Z^^ + C.C. . (5.19) 

If we now consider the terms obtained by performing the gravitational variation 
of the R-symmetry gauge field in the Klein-Gordon term, we find 

5LAsB,Ura. = -i(f^V7.e.BC - fBcl'l^ef)(Z^(b,Z'X) - {D,Z^)Z%U5.20) 

which is entirely a contribution to the terms. Using the fact that A' = 1 found 
above, this expression can be combined with the one in the previous paragraph 
leaving the following terms in 5L 

Kr^^'l.l'e.BC - fBcl^ref){Z^iD,Z%) - {D,Z^)Z\). (5.21) 

The next term to be added is 

La" = iA"(/^^ . ^-^AaZ^ + Iab ■ 7*^"^f ) ■ (5.22) 

If we concentrate on the terms we get two such from the variation of x in / and 
of ^ . The former gives 

lA!'e^^fb,bpef^^^AaZ% + C.C. 

= i^'e^'^^i-lR^p^fef^'^^ + 2G'.;^cef l^])7M*Aa^^ + c.c. , (5.23) 
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while the latter generates the expression 

+f'^cdZ^Z^ZI,emCD - r'edZ^Z^Z'c^^DB)Zi + c.c, (5.24) 

where the first term is a term, which for A" = =F\/2 exactly cancels the traceless 
part of the previous expression above leaving just the trace part: 

-'^if^''-77'^mAB)(D,(ZZ)) 

= -'^{-e.ABr''^ - e^%ABlaft^){D,{ZZ)). (5.25) 
The next term we need is 

W = -f^l^r (5.26) 
which has the following variation 

5Lnz^ = ±\Z\'R;:^efYx% " tR^^ei^'^AaZ^ + emAB^^^'Z^) 
+ ±-e^^P{b,\Z\^ + K,^-\ZWef^,fpAB 

+f^e^^PK,,'^\Z\\efjJ,AB - \9ap-efl ■ Jab). (5.27) 
where we used the fact that 

<5^r^ = f.e-^'ief^^f.AB - bu^eflaflB), (5.28) 
and that the double dual of the Ricci tensor with torsion 

= ~ (5.29) 

where one should note the order of the indices. 

Thus we find that two new cancellations occur between the second and the third 
terms in this expression and the corresponding ones proportional to A" above. This 
leaves three terms at the level to discuss. One is proportional to the R-symmetry 
gauge field and generates an additional contribution to the variation of the gauge 
field. The other two are 

m'KVefYxlB - iA"{efr^^){D,{ZZ)). (5.30) 

The final term we need to add in order to demonstrate that all terms cancel 
in 6L is the fermionic analog of ^_r|z|2, namely 

Lz^f^^iA"'\Z\'fJ^xf (5.31) 

whose variation reads 



5Lz.f^ = A-(e-^B*^"^f + e^^^AaZ%)rxf - ir\D,\Z\')f^^e^ 



AB 
9 
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^i^J^"\Z\\^^^{-\buj,^^XpABT\f + 25i?/cX?''xM5)- (5.32) 

Thus we see that the last terms in the previous paragraph are canceled by choosing 
J^" — \ and the theory is hence supersymmetric at this order and above in covariant 
derivarives. Note that in the two-star curvature term only the symmetric part is . 

To cancel the G^i^-terms and F^i^-terms we obtained above, it is necessary to add 
new terms to the variations of the gauge fields and -B^, chosen such that their 
Chern-Simons terms give exactly the same (j^,^-terms and F^,^-terms but with the 
opposite sign. 

Before analysing the terms with less than two derivatives we summarize what 
we have found so far: 

^1^3,^^ = + ^bIg + ^A(ee„^e/)x^^7^"*^„(^,Z^ - |ix.Bc*^'^) + c.c. 

+iAe^^''xfXuBcZ'XD,Z^ + c.c. 



is supersymmetric to second and third order in derivatives under the following trans- 
formation rules 

^e/ = te^AB^xf, 
Sxf = ^D,ef, 

5B^\ = lir^'^l.lue.BC - fBcl.luef) 

-Wfx,DC - -e,Dcxf)Z^Z% - i(ef ^XmBC - e^cX?'')^^^^^, - trace 
+ ii^t^Xf^BD - egBDxt'^)\Z\^ , 
bZt = tei^'^Ba, 

S-fsd = remAB{D^Z\ - iAxi^'-^Dd) 

+ / cd^ h^B ^mCD — J cd^ b'^C ^mAB, 

5A;, = -iiemABl^^^^Z,^ - ei''^,^AbZ%) 

-2i{efx,BD - e,BDxt'')Z^Zl , (5.34) 

provided the parameters introduced in this section are given the values 

e^^i^e^, A = ±V2, A^l, A" = ^V^, A!"^\. (5.35) 

5.2 Comments on the results at this stage 

We now turn to the hatted parameter A. Having found the relation between the 
supersymmetry parameters in the ABJM and supergravity theories, we can also 
determine A by requiring that the variation of ^ be supercovariant, which gives A — 
±-\/2. This result will be confirmed in the next section. There we will also discover 
that supersymmetry does not demand that the XX-^^-^ term be supercovariantized 
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which is welcome because that would mean terms of the type x^^Z. In fact, from 
section two we know that the Lagrangian does not contain any terms at all with 
more than two explicit x fields. 

Recall also that we concluded that the R-symmetry gauge field is trace- 

less when checking the local supersymmetry in the pure supergravity sector. This 
property must be implemented also after coupling it to matter. Inspecting the trans- 
formation rule of 5B^Q above we see that this property is indeed satisfied also when 
the new terms are included. 

Finally we would like to comment on the the abelian gauge field that is written 
out explicitly in the Lagrangian in section two. That this field provides an extra 
freedom at the order (Dfi)^ can be seen as follows. Introducing a charge q in the 
covariant derivative means that (suppressing R-symmetry indices) 

[i)^, D,]Z- = F^,\Z' + qF^,Z\ (5.36) 

The cancelation at this point in the analysis then works as follows. The relevant 
terms are 

5L\o2 = e^^^iP^^^Z' + qF^,Z^)J,, + e^''^{5A^\F,,\ + 5C^F,,), (5.37) 
which vanishes provided 

6C^ = -qZ'^J^a. (5.38) 

that is, for any value of the charge q even though the structure of J^a is dictated by 
the theory. This fact will be made use of in the next section. 

6. Cancelation of all terms in 6L with one covariant derivative 

In this section we continue the program of constructing a supersymmetric Lagrangian 
by considering the cancelation of all terms in 5L that are of first order in the covariant 
derivative. As we will see below this will force us to introduce a number of new 
terms in the Lagrangian as well as to add further terms to the transformation rules 
presented at the end of the previous section. 

Considering only the field content, there are six different kinds of terms in 5L 
containing one derivative, two of these are bilinear in fermions, three are quartic and 
one is of sixth order in fermionic variables (including the supersymmetry parameter). 
Some structures come with different 7 content and either with or without a structure 
constant which makes the list of independent terms to check a bit longer. We consider 
the cancelation of these terms in the order of increasing number of fermions. This 
will not fix the Lagrangian completely although the final form of the transformation 
rules will be determined. In the next section we will extend the analysis to terms in 
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6L which have two fermions and no derivatives. The information then obtained will 
be enough to give the final answer also for the Lagrangian. 

To be more precise this part of the analysis will force us to add new terms to the 
supersymmetry transformation rules, that is, terms over and above those specified 
at the end of the last section. In particular we will need in 5'^ new terms without 
a structure constant: 

^'^ Bd\new = Z'^EcD + Z^Eab- (6.1) 

It will also become clear from the calculations below that the underlying ABJM 
matter theory must be extended by an extra U{1) gauge field as we have already 
mentioned in previous sections. In the final Lagrangian presented in section two the 
Chern-Simons term for this gauge field (denoted C^) was given explicitly. There 
its transformation rule was also presented and in this section we will see how these 
features of the theory arise. 

Note that in the headings below ■/ refers to the fact that the term contains a 
structure constant f^^cd and that the derivative can be acting on any of the fields 
although it is generally written as acting on the scalars. 

6.1 Terms of second order in fermionic variables 

6.1.1 e(e7^^)i)^Z3 ■ / 

This calculation is needed already in the ungauged ABJM case. The new feature 
here is a remaining term where the derivative acts on the supersymmetry parameter. 
Such terms are easily canceled by adding new terms in the Lagrangian containing a 
X^^ that when varied gives rise to the same kind of unwanted terms in 5L but with 
opposite sign. These new terms are here of the form ex^ Z^ ■ f and appear in the 
Lagrangian in section two as the terms on the line ( p.6|) . 

6.1.2 e(e7^^)Z)^Z3 

The terms considered here are similar to the ones just analyzed apart from the 
important fact that they do not contain a structure constant. Such terms arise due 
to the presence of the new e'^Z terms (without structure constants) that we found 
were necessary to add to 6Bf^ in the previous section. These new terms will, however, 
create problems when used in the variation of the Klein-Gordon term. Our approach 
to deal with this will contain additional modifications of the transformation rules 
together with new Yukawa-like terms without structure constants in the Lagrangian. 

Thus we add to the Lagrangian the five possible structures that can be built out 
of two \& and two Z fields without using a structure constant. These terms are then 
varied under S'^Idz- To get this to work it turns out necessary to first modify 6"^ by 
adding to it two Z^ terms without structure constants (see ( |6.1| )) and consider the 
variation of the Dirac term and, secondly, to introduce an extra U{1) gauge field that 
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plays a special role. To this end we give the corresponding gauge field the following 
transformation rule 

5C^|^ = -^g(eAB7/.^^"^f - e^"" l ^."^ AaZ%) , (6.2) 

and the ABJM matter fields charge q = ±|. When adding the corresponding vari- 
ation of the Klein-Gordon term we find that there remains only a term with the 
derivative acting on the parameter. This last term we can cancel as usual by adding 
X'^Z^ terms without structure constants to the Lagrangian. 

6.1.3 ee'^'^P{e^,Xu)DpZ^ ■ f and eiex^D^^Z^ " / 

These terms arise from the variation of the 6A^ in the Klein-Gordon term, the S'^lza.f 
variation in the first part of the supercurrent term and the 5\I/|_dz in the new x'^Z^- f 
term in the Lagrangian. Adding these we find that the terms without e^"^^ cancel 
directly while the ones with an epsilon tensor do not. However, also the "f-terms" 
/ ■ '-f'^Z varied under 5\l/|^3.j contributes to the epsilon terms and when added leave 
only a D^e term which is canceled by adding an e'^'^^XfiJuXpZ^ term to L. 

6.1.4 ee''''P{e-ff,Xu)D,Z^ and e{ex^)D^Z^ 

By varying the first part of the supercurrent under (5\1/|^3 and the x'^Z^ term under 
S'^Idz we get contributions to both structures considered here. The epsilon tensor 
terms are canceled by the new 5^ 1^3 variation ( |6.1| ) of the f^^Z term and the xxZ^ 
terms without structure constants. To cancel the non-epsilon terms we need to vary 
the Klein-Gordon term with respect to 5^ to find that once again we seem to need 
a special U{1) gauge field that varies into x according to 

6C,\^ = -2iq{efx,BD - -egBDxf)ZaZl > (6-3) 

again leading to the value q = Note that to get the same value for q we have 
normalized this variation and the previous one 5C^|* in the same way as for the 
corresponding terms in the variation of the non-abelian gauge field 

6.2 Terms quart ic in fermionic variables 
6.2.1 eexD^"^ 

Terms of this kind come from the Dirac term by varying the dreibein, the super- 
covariant spin connection, the R-symmetry gauge field, and the ABJM spinor field 
itself. To these four contributions we add the terms obtained by performing a 5Z 
variation in the first part of the supercurrent and in the so called f-term, namely 
/ ■ 7\1/Z + c.c. What remains to be canceled after these terms are added together 
are terms with the derivative acting on the susy parameter. These final terms are 
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exactly canceled by the variation of the second part of the supercurrent provided we 
write the ABJM Dirac term in a manifestly real way after gauging, i.e., by replacing 

-i^^^YD^^^Aa ^ -f *^V^/.*Aa - 'f^AarD^'^^'', (6.4) 

since this will mean that an otherwise required x^^^ term is automatically accounted 
for. 

6.2.2 eexx'^DZ 

The analysis here fixes the coefficient in the Lagrangian of the term that would 
supercovariantize the XX^DZ term, namely ex''"^Z. We find that this term has a 
vanishing coefficient and hence no term in the Lagrangian is of higher order than two 
in explicit x fields. 

The calculation goes as follows. We add the contributions from the 5Z in 
ex^ZDZ, (5^ in the Dirac term and ex^^^, SB/j, variations of the Chern-Simons 
term for the gravitino, SB^j,, 6"^ and 5e of the x^DZ term, the 5^ and 5e 

of the term f^Z and finally 5Z of the fx^^ term. The result is 

-\{F^''Yx,AB){^''''l.ecD)Z!^ + C.C. . (6.5) 

However, this is exactly canceled by a term used already in the previous chapter on 
cancelation of (-D^)^ terms, namely the Riemann tensor term that arises in the 5x 
variation of La"- As we know from the supergravity analysis the double dual of the 
Riemann tensor is a second rank tensor whose symmetric piece is second order in 
derivatives while the antisymmetric part contains only one derivative. This latter 
tensor is just, after dualization, the triple dual whose variation gives the above term 
with opposite sign. 

6.2.3 eexx^D\Z\^ 

Terms of this kind arise from the Chern-Simons term for the gravitino field, the 
ex^ZDZ term, and the two terms eRZ^ and efxZ'^- Prom the fact that these 
cancel we conclude that the term that would supercovariantize the exx^DZ term, 
i.e. ex^Zx"^, has zero coefficient confirming the result obtained in the previous 
subsection. This calculation is similar to the one just above but makes instead use 
of the Riemann tensor coming from the variation of the term Ljiz^ . 

6.3 Terms of sixth order in fermions 

These terms are all of the form e{ex)Dx'^ and do not arise explicitly in the variation of 
any of the terms in the Lagrangian. Thus all such terms are hidden in the covariant 
derivatives and therefore automatically dealt with when canceling the derivative 
terms. 
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6.4 Comments on the use of the f/(l) gauge field 



Here we continue the discussion of the extra abehan vector field that was started 
at the end of the previous section. We saw there that it was possible to give the 
ABJM matter fields a charge q under the corresponding U{1) gauge symmetry, and 
furthermore that this charge was not determined by the cancelation of terms of order 
{Dfj,y in 6L. However, as we have seen above, and now explain in more detail, the 
value of this charge is fixed by the order analysis performed in this section. 

The terms relevant for this discussion are first of all the terms that remain after 
canceling the (non-ABJM gauge field) variations at first order in derivatives, that is, 

SL\remaining = (Z"' Jij_b)(K^)^ a + JqZ"" J ^ai^K^)"" ai (6.6) 

where {K^Ya is a fixed expression, and secondly the total matter gauge field variation 

5L\^^ = 5A^\{K'')\ + qdC.iK'^Ya. (6.7) 



Combined with ( ^.38| ) these variations cancel each other provided = j^. The 



corresponding new transformation law for the abelian gauge field is thus found to be 



6C^ = -iq{eABl^.'^''''Z^ - e^^7^^Aa^: 



B) 

-2iqi4^X,BD - -tgBDxt'')Z^Z'X. (6.8) 



7. Cancelation of bifermion non-derivative terms in 5L 

In this section we add all terms in the Lagrangian that do not give any derivative 
contributions to its variation , i.e., different kinds of eZ^ terms. By demanding 
cancelation of all non-derivative two-fermion terms in 5L the coefficients in L of 
these eZ^ terms are determined which finalizes the structure also of the Lagrangian. 

The relevant terms that must cancel arise from the old and new Yukawa terms 
with \1' varied into the ABJM term with an / and the new terms of this kind 
without an /. Certain combinations of these expressions then cancel the contribu- 
tions coming from varying Z in the various kinds of potential terms as will now be 
explained. 

7.1 e{im)Z-' ■ p 

These p terms are known to cancel already in the original ABJM computation, 
which is valid also here since no new contributions of this kind arise in the coupled 
theory. 
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7.2 e(e*)Z5 • / 

These terms are similar to the previous ones but with only one structure constant. 
They arise from several sources: first from the 5\E'|^3 variation of the ABJM Yukawa 
term and secondly from (5^|^3.j variation of the five new Yukawa like terms without 
structure constant. When adding these up the result can be seen to cancel the 
variation of Z in the new potential term with one /. 

7.3 e(e*)Z5 

In the same fashion as for the previous cancelation these terms arise from the new 
Yukawa hke terms without / by varying ^ into without /. Some of these terms 
eliminate each other, while the remaining terms cancel the variation of Z in the new 
/-free potential term. 

7.4 e{l-i-x)Z^-P 

This kind of p term comes from the 5^ 1^3 • / variation of the • f and must 

cancel the dreibein variation of the Z^ ■ f^, i.e., the original ABJM potential term in 
L, which it does. 

7.5 eiej-x)Z'-f 

Terms with one structure constant arise from the 5^ 1^3 variation of x^^^ ' / in 
and from S'^lz-'-.f variation of ■ After cycling of the indices in one of the terms 

they cancel exactly the dreibein variation of the Z^ ■ f term in L. 

7.6 e{e^-x)Z^ 

These terms (without structure constant) arise from the 5^\z3 variation of the x^Z^ 
terms in the action and from the variation of the dreibein in the Z^ potential without 
structure constants. After cychng the SU{4:) indices in one of the terms, and using 
the self-duahty relation, all terms can be seen to cancel. 

8. Conclusions 

In this paper we have coupled a general ABJM theory to the corresponding con- 
formal supergravity theory constructed in section three of this paper. The proof of 
supersymmetry of the coupled theory has been carried through for all terms in 6L 
with three, two and one derivative, together with all terms without derivatives that 
are bilinear in fermionic variables (including the susy parameter). This has been 
described in detail in the previous sections. 

We will now discuss the remaining eight (non-derivative) terms in SL. Note 
that at this point in the analysis, i.e., before checking these last terms in 5L, the 
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Lagrangian itself is in fact completely determined which is true also for the transfor- 
mation rules. This follows from the fact that the only terms in the Lagrangian that 
do not generate any derivatives when varied are the pure eZ^ terms. To determine 
their coefficients it is then sufficient to consider the cancelation of all terms in bL 
with two fermions. Concerning the transformation rules any term added at the non- 
derivative stage would alter parts of the previous calculations involving terms with 
derivatives and invalidate it. 

Thus we conclude that the Lagrangian and the transformation rules presented in 
section two of this paper constitute the complete answer. The last terms in bL that 
must be analyzed in order to finalize the proof of supersymmetry are the following 
(non-derivative) ones, ordered in decreasing number of x fields, 

exx^ -exx^Z\ e^x^Z, exx'^', eXX^Z\ e^x^Z\ ex'^^Z^ e^^^Z. (8.1) 

Of these the first one is part of the pure supergravity calculation, while the second 
and third are part of the covariant derivatives in the coupled theory since the torsion 
terms have been kept throughout the calculation. This fact also account for the 
fourth kind of term in the list. However, explicit terms with this field content arise 
in addition from varying, e.g., the dreibein in the Dirac term (plus an integration 
by parts) and from the term that supercovariantizes the supercurrent term in the 
Lagrangian. That the coefficient of this explicit ex^^^ term in the Lagrangian is 
the correct one to provide this supercovarintization has been verified by checking the 
cancelation of terms in 5L with one derivative. Of the remaining terms in the above 
list also the ABJM terms ee^^^Z have been verified to cancel. Thus the analysis 
includes in particular all terms in the original ABJM theory. What remains to be 
done is to check the cancelation of the fourth, fifth, sixth and seventh expressions in 
the list above. This is a rather elaborate calculation and has not yet been done in 
full detail. 

Note that the last four structures in the list above can appear both with and 
without a structure constant /. Of these we have only, as just mentioned, checked the 
last one which is just an ABJM computation when it contains a structure constant. 
However, when it does not it is more interesting since then it makes use of the 
variation of the U{1) gauge field in the Dirac term and therefore gives additional 
support for the way this field is being used here. 

Since in this paper the parameters appearing in the Lagrangian and transfor- 
mation rules are determined uniquely and in almost all cases from at least two 
separate calculations, we are fairly convinced that the cancelations that have not 
been established here will not alter any of our conclusions. Nevertheless, it would 
be welcome to find an independent argument for why the construction in this paper 
is correct. Methods that have been used in the past in similar circumstances are, 
e.g., constrained gauged superconformal algebras, superspace, the embedding tensor 
technique |TH] and the construction of the on-shell supersymmetry algebra. Although 
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the first was used early on to obtain the pure conformal supergravity theories and 
the latter three were utilized in the more recent constructions of non-gravity M2 
matter theories with eight (BLG), six (ABJM) or fewer supersymmetries, none of 
them seem to straightforwardly give an argument that would guarantee the existence 
of the type of coupled theories we are considering here. We hope to come back to 
these issues in a future publication. 

It is worth remarking that the scalar potential after gauging contains, apart from 
the original ABJM terms with two structure constants, also terms with one as well 
as no structure constant (see the last two lines of the Lagrangian presented in section 
2.1). As a further check of the derivation of these new contributions to the scalar 
potential one should verify that theory leads to an acceptable set of physical states. 
Another term that is crucial in this context is the conformal coupling between the 
curvature scalar and two scalar fields that arises in the process of checking super- 
symmetry. By giving the scalar field a vacuum expectation value the theory can 
be related to the corresponding one for a stack of D2 branes If we insert the 



VEV into the potential terms with one or two structure constants one finds that they 
do not contribute to the cosmological constant while the remaining potential terms 
(without structure constant) give a non-zero contribution. Using a VEV chosen such 
that it turns the — term into a correctly normalized Einstein-Hilbert term, 

one finds a theory where this term is accompanied by a gravity Chern-Simons term 
and a cosmological constant. This part of the theory is described by the following 
Lagrangian 

L = -^{R+^) + le^^'PTriu^d.Up + lu^u^Up) . (8.2) 

We note that up to a sign this Lagrangian (with = IQtiG) is the same as the one 
of Li, Song and Strominger [Ff | at a chiral point^. The chirality is a welcome result 



while the sign may be problematic in view of the discussion in ref. [|T7| about the 
energy of physical states (black holes) and the central charge of the boundary CFT. 

Some final comments are in order. First we note that the rather simple connec- 
tion that exists between the SU{2) x SU{2) ABJM theory and the BLG theory seems 
less trivial after coupling these two theories to conformal supergravity. One compli- 
cating factor is that the topologically gauged ABJM theory seems to rely on the 
presence of an extra U{1) gauge field. The supersymmetry exhancement of ABJM 
theories with abehan gauge fields has been discussed in |], |14|. It may also be of 



some interest to set the structure constants to zero eliminating the non-abelian parts 
of the ABJM gauge group and consider what might be a non-trivial new theory for 
one conformal M2 brane with six supersymmetries. A slightly more involved case 
arises if we set f"''^cd = S^d which also solves the fundamental identity. 



^This remains the case also if a level (or diniensionless coupling constant) is introduced in the 
conformal gravity sector as discussed below. See for further details. 
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In connection with the abehan gauge field and the charge g = ±i assigned to 
the matter fields, it may be interesting to reconsider the normalization of the Chern- 
Simons term since the level chosen for this term affects the value of q. In fact, since 
also gravitational Chern-Simons terms are associated with levels |19| the general 
issue of levels in topologically gauged BLG ^ and AB JM theories should be studied 
further. Note that if we introduce an independent level in the supergravity sector, 
or equivalently a dimensionless gravitational coupling constant at the classical level, 
it should appear in the Lagrangian and in the transformation rules in such a way as 
to make it possible to decouple the gravity and matter sectors by turning it off. 
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